4.1 Scatter Diagrams and Correlation

Definition: Theresponse (dependent) variablés the variable whose value can be
explained by, or is determined by, the value ofpttesdictor (independent) variable

Definition: A scatter diagramis a graph that shows the relationship between two
guantitative variables measured on the same ingididEach individual in the data set i
represented by a point in the scatter diagram. prédictor variable is plotted on the
horizontal axis and the response variable is plattethe vertical axis. Do not connect
the points when drawing a scatter diagram.
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The data set below represents a random samplavofiers in a particular industry. The
productivity of each worker was measured at onatgoitime, and the worker was asked the
number of years of job experience. The responsgabla is productivity, measured in widgets
per day, and the predictor variable is experien@gsured in years.

y=Productivity | x=Experience
Worker | (widgets/day) (years)
1 33 10
2 19 6
3 32 12
4 26 8
5 15 4
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Interpreting Scatter Diagrams:

Figure 2

Responise Response Response Response ol Response

Predictor Predictor Predictor Predictor Predictor
(a) Linear (b} Linear (¢) Nonlinear (d) Nonlincar (e) No relation

Definition: Positively associated/ariables—when above-average values of one vereial
associated with above-average values of the canelspg variable. That is, two variables
are positively associated if, whenever the vald¢bepredictor variable increase, the values

of the response variable also increase.

Negative associate#ariables—when above-average values of one variig associated
with below-average values of the correspondingalde. That is, two variables are

negatively associated if, whenever the values eptiedictor variable increase, the values of
the response variable decrease.




Correlation:

Definition: Thelinear correlation coefficient is a measure of the strength of linear relatio
between two quantitative variables. We use thekletterp (rho) to represent the
population correlation coefficient and r to reprashe sample correlation coefficient. The

formula for the sample correlation is presentedwel
Sample Correlation Coefficient
Z(Xi _;(J(Yi _Y’J
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Where: x is the sample mean of the predictor variable
s is the sample standard deviation of the predicaoiable
y is the sample mean of the response variable

§ is the sample standard deviation of the respoasahble
n is the number of individuals in the sample
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Calculate r using the Productivity-Experience examfe:

y=Productivity | x=Experience
Worker | (widgets/day) (years) y? xZ X+y
1 33 10
2 19 6
3 32 12
4 26 8
5 15 4
> y=125 D x=40 | >y*= D> xi= D xy=
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Properties of the Linear Correlation Coefficient:

1. The linear correlation coefficient is always betweg and +1, inclusive. That,is

-1<r<+1

If r=+1, there is perfect positive linear relatioetween the two variables.

If r=-1, there is perfect negative linear relatlmetween the two variables.

The closer ris to +1, the stronger the positivaamtion between the two variables.

The closer ris to -1, the stronger the negatigeeaation between the two variables.

If ris close to 0, there is evidence of no linegdation between the two variables.

Because r is a measure of linear relation, a adroel coefficient close to 0 does not

imply no relation, just no linear relation.

7. The linear correlation coefficient is a unitlessasgre of association. So the units gf
measure for x and y play no role in the interpretadf r.
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How would you interpret the correlation coefficidat the Productivity-Experience example of
r=0.967?



Excel can be used to draw a scatter diagram and aallate a linear correlation coefficient

Excel—Drawing a scatter diagram A B c

Step 1: Enter the response y=Productivity | x=Experience
(dependent) variable in colunfhand 1 | Worker | (widgets/day) (years)
the predictor (independent) variable| | 2 1 33 10

in columnC in an Excel spreadsheet. | 3 2 19 6

Step 2: Select theChart Wizard 4 3 32 12
icon. SelecChart Type of 5 4 26 8
“XY(Scatter)” and follow the 6 5 15 4
instructions.

Excel—Correlation Coefficient

Step 1 Enter raw data in columms andC (the Excel worksheet page is shown below).
Step 2:SelectTools from the Windows menu and highlighata Analysis. In the
Analysis Toolsbox, highlight “Correlation” and clickOK. This brings up th€orrelation
box.

Step 3:With the cursor in the “Input Range” box, highlighe data in columnB andC
(include the column headings and check the “Laimelsst row” box). In the “Output
Range” box, specify a cell for the output (uppérderner of the output range). Cli€kK.
The correlation coefficient, r, will appear as tbeer off-diagonal element in a 2x2 matrix.

A B C
y=Productivity x=Experience
1 Worker (widgets/day) (years)
2 1 33 10
3 2 19 6
4 3 32 12
5 4 26 / 8
6 5 15 / 4
7 /
y:Pﬂr?t{uctivity x=Experience
8 1 (wiggets/day) (years)
9 | y=Productivity (widgets/day) / 1
10 | x=Experience lyears) / 0.96 1

Correlation

Inpuk
Ok,
Input Range: tB$1:$ 6 _
Cancel

Grouped By %) Colurnns

D e
Labels in first row
Oukput options
(*) Qukput Range: $A$E
() Mew worksheet Ply:
() Mews Workbook:




4.2 Least-Squares Regression

In this section we will learn how to fit a regressimodel to a scatter diagram of data. Our focus
is on regression models that produce straightirjeal) lines. Fitting a regression line involves
determining the equation for the line that “besgfiresents the data. Remember, a straight line
has two characteristics—(1) y-intercept and (2psloThus, our goal will be to find values for
the y-intercept and the slope of the regressian lin

In inferential statistics, we are concerned wittineating population parameters based on
statistics from a sample. Likewise, in regressinalysis we have gopulation model, which
represents the true linear relation between y afad the entire population of data, and a
statistical model whichrepresents the linear relation between y and karsample data. By
applying statistical inference, the linear relatioom the sample is used as an estimate of the
unknown (true) population relation.

Population Model: y; =Bo + p1Xi + &

where y= dependent (response) variable
Xi = independent (predictor) variable
Bo andp; are the intercept and slope parameters, resphctive
& = random error term with mean 0 and varianée
Note thats; accounts for factors, other than x, that affect y.

Statistical Model: yi =y + bx; +u
where y= dependent (response) variable
Xi = independent (predictor) variable
bp and h are the intercept and slope statistics, respdgtive
u; = estimated error (or disturbance) term that aotofor factors,
other than x, that affect y

Coefficient Statistic Parameter
Intercept b— Bo
Slope b— 1

The statistics, dand h, serve as proxies (estimates) for the unknown ladipa parameter$o
andp;.



The least-squares regression coefficientsdbnd by) are calculated based on the Least-
Squares Regression Criterion.

Definition: Least-Squares Regression Criterion

Theleast-squares regression lines the one that minimizes the sum of the squared
errors. lItis the line that minimizes the squdréhe vertical distance between
observed values of y and those predicted by tlee fin(read “y-hat”). We represent

this as

Minimize X (errors)

Application of the Least-Squares Regression Cateproduces thslormal Equations shown
below:

(D) pn +hXx =Xy
(2) =X + biZx? = Ixy

These equations can be solved to find formulasdand h (the solution is done in reverse
order).

b = > xy—nxy
> x* =n(x)?
bo :y_bl;(

The final least-squares regression equation igemrés: y =b, +b,x+u



Example—Application of Least-Squares Regression fadProductivity-Experience Data

y=Productivity | x=Experience
Worker | (widgets/day) (years) xZ X+y
1 33 10 100 330
2 19 6 36 114
3 32 12 144 384
4 26 8 64 208
5 15 4 16 60
Yy=125 ¥x=40 ¥x*=360| Ixy=1,096
y=25 X=8

Calculate the slope coefficient fland the intercept coefficientojlusing the least-squares
formulas:

. Alternative way to calculate hy: If you have already calculated r
Xy —NnXxy S
b, :ﬁ = b, can be found using the formuba=r [, where gand s are,
- s,
respectively, the standard deviations of the olzens in the y-
b, = ;, - bl;( = sample and the x-sample (see pp. 198, text).
The estimated least-squares regression equatwritisn as:y=__ +  x+u

Interpretation of the estimated regression coeffi@nts:

b():

Scope of the Model
The y-intercept, ord will have meaning only if the following two cortigins are met:
(1) A value of 0 for the independent (predictorjiable makes sense;
(2) There are observed values of the independeiahla near 0.
The second condition is particularly important hessastatisticians do not use the
regression model to make predictiangside the scope of the modémore on this
later when we discuss using the regression modaieict).

b= (Remember the slope equals the change wmdedi by the change in x,
. Ay
e, b =—.

b, =)




Prediction: The estimated least-squares regression equatiobeused for prediction by
setting u=0 in th&atistical Model:

y=b, +bx+u

y=b, +bx+0 Note: When u is set to 0, a hat is put onytivariable.

Yy =by, +bx
where yis the predicted value of y.

Productivity-Experience Exampley = 58+ 2.4x

(1) Predict worker productivity for a worker withy@ars of experience.

(2) Predict worker productivity for a worker witl® ears of experience.

10



Scope of the Regression Model

Statisticians do not use the regression model teerpeediction®utside the scope of the
model, i.e., they do not use the regression model toenpa&dictions for values of the
independent (predictor) variable that are muchdaoy smaller than those observed in the
dataset. This rule is followed because we areadtin of the behavior of the line outside
the range of the dataset used to estimate thessgremodel.

For example, it is not appropriate to use the tnpredict the productivity of a worker with 20
years of experience. The highest value of thegaddent variable (in the dataset used to
estimate the regression model) is 12 years of eéxpeg and we cannot be certain that the linear
regression line will continue out to 20 years gbeence. Itis likely at high levels of
experience that productivity will level off as show the figure below.

Productivity (widgets/day)

Worker Productivity vs. Experience

L 4

5 10 15 20

Experience (years)
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Accuracy of Predictions from the Least-Squares Regssion Model:

Are the predictions from a regression model pelfjestcurate?—The answer is NO. Let's
examine how we predict with a regression modelvaing the predictions are usually not
perfectly accurate. First, the prediction fromegression model is represented by the equation

y =by +byx
The statistical regression model is written as
y =Dy +bx+u
y= 9§ +u
The inaccuracy (or error) of a prediction is représed byu = y—Vy. The term “u” is referred to

as an error term that represents all the factéhngrdhan x, that account for (or explain) y. The
error term, u, is represented as the vertical nicstdetween the observed value of y and the
predicted value of y, as shown in the graph belnw:

Vi ol / y=b, +bx

u =y -V

X

To get a better understanding of the error tertig éalculate an error for tieroductivity-
Experienceexample. Take thé™worker with x=8 years of experience, and calculage
worker’s predicted productivity:y, = 58+ 2.4(8) = 25widgets/day . The actual productivity of
the 4" worker was 26 widgets/day. The error in this dase=26-25=1 widget/day. The error is

represented in the graph below.
/ y =58+ 24x

u, =(y, - ¥,) = (26-25=1




Why do errors occur when making predictions?

Let’s think about why our prediction of productivitor the 4th worker was inaccurate. That is,
why did the 4th worker produce 26 widgets/day wtienregression line predicted that he would
produce 25 widgets/day? Remember that r&iresents the productivity of the “average

worker” with 8 years experience. The u, or théetldnce between 26 and 25, is due to factors,
other than x, that account for y. For example Atieworker could work harder than the average
worker. Or, the 4th worker could have more inrtatent, or have many other characteristics—
that are different from those of the average worddrat account for the higher productivity,

In short, the # worker’s productivity includes two components)) Kis predicted productivity
based on years of experience, and (2) an adjusimenbductivity (which can be positive or
negative) that is due to the particular “other” reederistics of the 4th worker such as work ethic,
ability, etc. The sum total of the two componeadsount for the 4th worker’s total productivity,
ie.,

Ya=Ys+U,

26=25+1
In the application of the regression model to reatid, scientific data, there will always be
positive and negative u’s that account for unkndaators, other than x, that explain the y
variable. This is true for any type of scientrfetation which involves a complicated process.
Only when scientists know everything, will the ge away...and that is a long way, or
infinitely, out into the future.

13



How well does the regression line fit the data?

Two measures are widely used to measure the @itregression line—(1) coefficient of
determination, and (2) standard error of the eséma&Ve will discuss each in turn.

Coefficient of Determination:
The coefficient of determination provides a quanitie measure of how well the regression line

fits the scatter plot. The coefficient of deteration measures the strength of relation that exists
between two variables.

Definition: Thecoefficient of determination, R, measures the proportion of the total
variation in the dependent (response) variableighatplained by the least-squares regression
line.

R?is a number between 0 and 1, inclusive, Des,R? <1. If R* = 0, the regression line has
no explanatory power; if R= 1, the regression line explains 100% of theatam in the
dependent variable.

To understand the coefficient of determination,need to understand three types of deviation.
(1) Total deviation =y -y
(2) Explained deviation §-y
(3) Unexplained deviation y -y

Figure 14
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From the figure above notice that total deviati®thie sum of the explained deviation and the
unexplained deviation:

Total deviation = Explained deviation + Unexplairgeviation
y-y y-y y-y
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In statistics we are generally concerned with segialeviations. Remember that variance in Ch.
3 was defined as the average of the squared dawaftiom the mean. Likewise, here we are
concerned with squared deviations, which are refeto ayvariation. Although beyond the
scope of this course, it can be shown that thex¢haee sources of variation:

(1) total variation,>" (y - y)?
(2) explained variationy " (§ - y)?
(3) unexplained variationy  (y - §)?
Furthermore, total variation is equal to the surexglained variation and unexplained variation,

i.e.,
Total variation = Explained variation + Unexplaineariation

If we divide this equation by total variation, wetg

1= explained variation Lun explained variation
total variation total variation

Using algebra we can solve fof:R

R? = explained variation _ 1- unexplained variation
total variation total variation

Calculate R based on the correlation coefficient, r This approach involves first calculating
the correlation coefficient and then squaring find R?. For theProductivity-Experience
example, we found r=0.96, and therefor&s(R.965=0.92.

An R? value of 0.92 says that 92% of the variation ioduictivity (y) is explained by the linear

relation with experience (x). This leaves 8% @ tariation in worker productivity left to be
explained by other factors (not x) such as workcetbility, health condition, etc.

15



Relating R? to Scatter Diagrams:

DATA SET A DATA SETB DATA SET C
X y X y X y
3.6 8.9 3.1 8.9 2.8 8.9
5.3 15.0 9.4 15.0 5.1 15.0
0.5 4.8 1.2 4.5 3.0 4.8
1.4 0.0) L0 6.0) 8.3 bl
8.2 14.9 9.0 149 8.2 14.9
59 11.9 50 119 1.4 11.9
4.3 0.8 34 us 1.0 9.8
8.3 15.0 7.4 15.0 7.8 15.0
0.3 4.7 0.1 47 3.9 4.7
6.8 13.0 1.3 15.0) 5.0 13.0

15 e
L ]
.
(3] . T
-+ . TS = 0436
| 81464
5. — . A=
T T T [ | S 3 % ot T (ST ) ) T Nl i A
1 2 4 5. 5 8 9 Y (Il T S s 9 10 e 4 6 T & Uy
X L X
(a) (h) (c)

The coefficients of determination {B) for the three datasets are: 1.0, 0.947, aB@4).
respectively.
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Standard Error of the Estimate:

The variance of the error terms) (from thepopulation regression modeis represented hy;?,
which is a population parameter. Since a populgt@rameter is unknown to a practicing
statistician, it must be estimated using a santplesic. In this case, the standard error of the
estimate, § serves as the statistic used to estimateThestandard error of the estimateis
found using the formula:

-9 _ [Zu’ _ [Teror?
n-2 n-2 n-2

Remember thay, = observed value of y for the ith individual
y. = predicted value of y for the ith individual
u, =y, — V. or prediction error for the ith individual

The standard error of the estimate measures thdasth deviation of the scatter points about the
least-squares regression line.

To develop a better understanding of the standaod ef the estimate, let’s calculatgfer the
Productivity-Experience example. Carry out the calculations below.

Y=Productivity | X=Experience

Worker | (widgets/day) (years) y u =y, -V u.’
1 33 10

2 19 6

3 32 12

4 26 8

5 15 4

Tu; Tu=

17



Worker Productivity vs. Experience

40

35

. s
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(63}
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Productivity (widgets/day)
= [N)
(&) o

10

0 T T T T T T
0 2 4 6 8 10 12 14

Experience (years)

Xu; = 0: The sum of the vertical distance the points &irefadhe regression line is 0. That is,
the sum of the 2 red segments (positive errors)agtly equal to the sum of the 3 blue segments
(i.e., the absolute value of the blue errors).

>u;® is minimized by Least-Squares Regression Criterian The least-squares regression line
produces the minimum sum of squared deviationapf@ssible linear line. That is, if you

were to draw any other line (with a differegtdnd [ than that of the least-squares line) the sum
of the squared deviations from the line would beatgr than from the least-squares regression
line. See “Least-Squares Criterion Revisited,1$8.
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How do you interpret the standard error of the estmate? At one extreme is the case where
s=0. In this situation, all the scatter pointshie scatter diagram fall on a linear line and there

no error in any prediction.

£=0

In real-world situations, there generally are esiiarthe predictions and the scatter points in the
scatter diagram fall off of the least-squares regjom line. The more scattered the points are
about the regression line, the higher theFor example, the scatter diagram to the righttha

highest s

S =small value >0 oS large value

19



Hypothesis Test Regarding the Slope Coefficieng;.

Assumptions:
* Arandom sample is drawn.
« The error terms are normally distributed with m@aand constant varianeg’.

Step 1: A claim is made regarding the linear relatiormmn a response (dependent) variable,
y, and a predictor (independent) variable, x. Mtk hypothesis is most often specified as no
relation between y and x, i.§,=0. The hypotheses can be structured in one eétivays.

Two-Tailed Left-Tailed Right-Tailed
Ho: Bl =0 Ho: Bl =0 Ho: Bl =0
Hi: Bl 0 Hi: Bl <0 Hi: Bl >0

Bi1<OorB,>0

Step 2:Choose a significance level, The level of significance is used to determimectitical
t-value, with (n-2) degrees of freedom. The rejectioiti@l) region is the set of all values of
the test statistic (from step 3 below) such thatrthll hypothesis is rejected.

Two-Tailed Left-Tailed Right-Tailed

a
nanrejection region ‘rexe:tmn region

_ reiection region L nonrejection region N rejection region . [Election region

r \

Step 3: Compute the test statisticit = L’Bl which follows Student’s t-distribution with
Sy,
df=n-2. The estimated standard deviation 0fbs, = % where sis the standard

error of the estimate.
Step 4: Draw a conclusion:

» Compare the calculated t-value (or test statistiche critical t-value and state whether
or not H is rejected at the specified

Two-Tailed Left-Tailed Right-Tailed
It t<—t, ort>t, If t <—t, reject Ift >t reject
reject thenull hypothesis thenull hypothesis.  thenull hypothesis.

» Interpret the conclusion in the context of the peab
20



Hypothesis Test Regarding the Slope Coefficieng;.

Problem: A labor economist would like to measure the refabetween the productivity of
workers and the number of years of experienceefbrkers. A random sample of 5 workers is
chosen. A random work day is chosen and the ptoadlyoof each worker is measured and
recorded. Work experience (in years) is taken feaoh worker. Carry out a hypothesis test of
the relevant null hypothesis at the 5% significalesel. Show all of your calculations and
justify your conclusion.

Step 1: Hy: B =0 (No relation exists between worker productivity and experience.)
Hy: By # O (A positive or negative relation exists between productivity and experience.)

Step 2: Selecta = 0.05 and find the critical value of t (df=5-2=3)

Two-Tailed Test

| t-value (df=3)

calculated t-value

7 Ju=00025

-3.182 0 3182 593

rejiection redion | nonrejection region rejection reuil:unt

&

Step 3: Draw a random sample of n=5 workers and collata @n each worker’s productivity
and experience. Calculate the standard deviafibi, g, , and the test statistit,

y=Productivity | x=Experience
Worker | (widgets/day) (years) (=0=F)_(24-0)_ 24 _ .4,
1 33 10 S,, 0.405 0405
2 19 6
3 32 12
S 256
4 26 8 wheres, = == =0.405
5 15 4 S (4 -xp V40

Step 4: Conclusion—Because the calculated t = 5.93 iatgrahan the critical t = 3.182 (and in
the rejection region), rejectotat the 0.05 significance level. A significant pieg relation
exists between productivity and experience.
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Excel—Estimating a linear regression model

Step I Enter raw data in columns B and C (the Excel whdet page is shown below).
Step 2: SelectTools from the Windows menu and highlighata Analysis. In the Analysis
Tools box, highlight “Regression” and clidRK. This brings up th®egressionbox.

Step 3:With the cursor in the “Input Range” box, highlight the data in colurBn

(including the column heading at the top of theuomh). Move the cursor to the “Input X
Range” box and highlight the data in colu@n Check the “Labels” box.

Step 4: Under Output Options, move the cursor to the fotiRange” box and specify a cel
for the output (upper left corner of the outputgen ClickOK and the regression output

results will appear as shovbelow

Regression

Inpuk
Input ¥ Range:

Input % Range:

Labels
[] confidence Level:

Oukput opkions

$E$1:4E46
$C414CHE

|:| Constant is Zero

o

X

(%) Cutput Range: $aga
A \AQ D E
/ x=Experience
1 Worker y=Productivity (widgets/day) (years)
2 1/ 33 10
3 2 / 19 6
4 3 32 12
5 4 26 8
6 /5 15 4
7 »
8 | SUMMARY OUTPUT
9
10 | Regression Statistics
11 | Multiple R 0.96
12 | R Square 0.9216
13 | Adjusted R Square 0.895466667
14 | standard Error 2.556038602
15 | Observations 5
16
17 | ANOVA
18 df SS MS F Signif F
19 | Regression 1 230.4 230.4 | 35.26531 | 0.009546
20 | Residual 3 19.6 6.533333
21 | Total 4 250
22
23 Coefficients Standard Error t Stat P-value
24 | Intercept (bo) 5.8 3.42928564 1.691314 | 0.189355
25 | x=Experience (b,) 2.4 | 5p1=0.40414518 5.93846 | 0.009546




CHAPTER 4

« Correlation Coefficient:r =

Describing the Relation between Two &fiables

2L

n-1

ZXy_ZXZy

e

* The equation of the least-squares regressiondine i

s
§ = b, +b,x where Vs the predicted valudy, =r

is the slope, antd,

* Residual

SX
= S/ - b1;< is the intercept.

= observed y — predicted y y=y.

« Coefficient of Determination: &= the percent of total
variation in the response variable that is expliog the
least-squares regression line.

« R%=r?for the least-squares regression model.

» Least-Squares Regression Normal Equations:

(D kyn

+RhIx =Xy

(2) =X + bEx? = =xy

» Solution of normal equations fop bnd h:

blzx

b, :9_b1;(

D xy- nxy

* The final least-squares regression equation isemrgs:

y =Dy +bx+u
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